ABSTRACT. Newcomb's non-linear formulation of Hamilton's principle for an ideal hydromagnetic fluid surrounded by a wall is generalized to allow vacuum and ferromagnetic regions, and to include the effects of external conductors and circuib. The linerr approximation is recoiered by expanding to second order in the plasma displacement. When the accumulsted charqe flowing in each conductor is treated as a generalized variable, the vacuum energy appears as a kinetic energy, with the inductance matrix playing the role of a mass tensor. As an application, the generalization of the Ltist-Martenson form of 6 W is found for the case of passive feedback due to interconnection of the external coils. A subsidiary variational principle is used to determine the inductance matrix, thus providing an alternative to the Green's function method. 
I. INTRODUCTION
The analytic theory of hydromagnetic stability is largely based on the energy principle of Bernstein et al.
I I ], which uses the potential energy functional 6W. Recently [2, 3] , considerable success has also been had in finding the spectrum of small oscillations of a toroidal plasma numerically, by using the RayleighRitz-Galerkin method [4] . These codes also use the potential energy 6W, but combined with the kinetic energy to form the Lagrangian for the system. A Lagrangian formulation is also useful for the general proof of self-adjointness of the force operator in 6W
[5], and for non-linear problems [6] .
In practice [2] , it has been found inconvenient to use the vector potential form [ ] for the perturbed magnetic fieldB in the vacuum region. Rather, a formulation of 6W due to Liist and Martenson [7] , based on work by Blank, Friedrichs, and Grad [8] , has been used instead. In this formulation,6 is represented as the gradient of a single-valued scalar potential X, plus subsidiary fields proportional to the perturbed currents i1 in the various conductors. Both 1 and the ik are constrained to be unique functionals of the displacement of the plasma-vacuum interface, and are typically [3, 9] constructed by Green's function techniques, rather than variationally.
Our first aim in this paper is to give a completely variational formulation of the vacuum energy. Our, second aim is to remove an unrealistic feature of previous formulations of 6W [, 7] , i.e. their inability to treat gaps in the conductors, and connections to external circuits. In a tokamak which does not use a highly conducting shell, the method of connection of the poloidal field coils is found to be critically important in determining stability against axisymmetric perturbations [0] . In the previous variational principles [l, 7] , there was no way to treat this important effect.
We proceed from Newcomb's fully non-linear [ 1] Lagrangiair for the ideal hydromagnetic equations, extending it to include a non-conducting region surrounding the plasma. This can include a ferromagnetic region, (p ) po ) but no specific consideration will be given to the effect of such a region and we shall refer to the whole region as the vacuum. We assume the plasma to be topologically toroidal whereever the specific geometry is important. A "generalpurpose" toroidal configuration is depicted in Fig.l , which shows a plasma and an arbitrary number of poloidal field coils enclosed within a conducting "wall." To consider the behaviour of a plasma in the absence of a stabilizing shell we can remove three sides of our "wall" to infinity, leaving just a rod running down the major toroidal axis. Such a conductor is always necessary to maintain the toroidal field, so there is always a notional wall present. An essentially new aspect of our treatment of the boundary conditions is the effect ofgaps in the conducton, across which electromotive forces (emf 's) can appear.
The extension of Newcomb's variational principle tl I I is done through two devices. One is the addition of a new kinetic energy term corresponding to the l 5 4 l Scanned by RLD Aug. 4, 2007 . This searchable PDF file includes an appendix containing sections in the preprint PPPL-1421 condensed or deleted in the version published in Nucl. Fusion.
energy in the various electrical circuits contributing to the vacuum field, while the second is the adjoining of a subsidiary variational principle to calculate the inductance matrix as a functional of the positions of the external conductors and of the plasma. In Section 2 we review the basic equations for the plasma and magnetic field as discussed by previous authors, whereas in Section 3 we discuss the role of the electric fields associated with insulating gaps in the conductors in more detail than has previously been done in the magnetohydrodynamic literatirre. The electric circuit equations involve an inductance matrix, a fully non-linear variational principle for which is given in Section 4. The fully non-linear Lagrangian including the electrical kinetic energy is presented in Section 5. The linearized versions ofthe variational principles are given in Section 6.
In Section 7 we indicate how the new methods avoid the singularity problems encountered in the Green's function method.
Finally, in Section 8 we derive 6W for a system in which the coils are passively interconnected. In the special case when all gaps are shorted, the LiistMartenson [7] result is recovered. The mathematical incorporation of Kirchhoff laws is discussed in an Appendix.
BASIC EQUATIONS (PLASMA AND MAGNETIC)
The ideal hydromagnetic equations for the mass density p, pressure p, magnetic induction B, and v e l o c i t y f a r e [ 1 , 1 l ] We have assumed the gravitational potential to be negligible. These equations apply within the region P occupied by plasma. On the plasma-vacuum interface So, the physical requirement that all accelerations be finite gives the dynamical boundary condition that the component of the stress tensor in the direction normal to So must be continuous, that is I I ] g z / z v o * p = s 2 * t z v o ; * e s o
( 1 )
where B-and B* are, respectively, the field values measured just inside and just outside the plasma. The magnetic field in the plasma, B-, is assumed to be tangential to the interface initially, and therefore at all later times because of Eq.(3). Since the normal component of B is continuous across any surface, B-must also be tangential to So. The equation
applies everywhere. Within the non-conducting region V surrounding the plasma, the low-frequency equation
where p6 is the permeability of free space (SI t542 units).
v x f r = 0 . ; * e V
must also apply, where H is the magnetic intensity. Assuming linearity, B and fr are related by + + 6 = utl (8) where p(i) is the permeability of the insulating medium. This formulation allows for the possibility of including the effect of an iron-cored transformer in a shell-less tokamak, modelling the iron as a linear magnetic medium with p )p6.
To determin" E itr V we must also give boundary conditions on the surfaces of any conductors external to the plasma (Fig.l ) . In the spirit of ideal hydromagnetics we take these conductors to be perfectly conducting, so that an appropriate boundary condition on Sp, the surface ofthe k-th conductor, is f i . E = o ; i e s n where fr is the unit normal at i, directed into V. As mentioned previously, Eq.(9) applies also on the plasma surface (k = p), and also on the "wall" (k = w).
Since V is not a simply connected region [8, 9] , we must supplement the boundary condition, Eq.(9), with the line integral conditions f .ru*z = ro k = L , 2 , 3 , N + 2 ( 1 0 ) (Amp0re's law) where N is the number of conductors external to the plasma, excluding the wall. Thus, k = N + I i s e q u i v a l e n t t o k = p a n d k = N + 2 i s e q u i v a l e n t to k = w. The line integral in Eq.( l0) is taken around a path Ck, enclosing only the k-th conductor, and running in the right-hand sense with respect to the direction in which the current I1 in that conductor is measured. The plasma is here regarded as a toroidal conductor; that is, Io is the toroidal plasma current. On the other hand, [* denotes the total poloidal current flowing on the wall. The contour C* for the wall is a loop encircling the major axis between the plasma and the wall. These contours are illustrated in F i g . l .
Equations (6) -(10) specify B throughout V, uniquely as a functional of the position of the plasmavacuum interface So and the currents 11. There is, of course, a net poloidal current in the plasma and also generally a toroidal current on the wall. However, HAMILTON'S PRINCIPLE these currents do not contribute to the magnetic field in V, so that the total number of contributing currents i s N + 2 .
BASIC EQUATIONS (ELECTRICAL)
In V the electric field E obeys almost everywhere. However, to model the connections to external circuits, we must cut the conductors with thin insulating gaps across which potentials V1 (emfs) can be applied. The wall may be cut both 'toroidally and poloidally. We denote the emf across the toroidal cut by V, and that across the poloidal cut by V (by analogy with 0 and z pinches in cylindrical geometry). We assume the contacts to be arranged so as to produce negligible fringing in the magnetic field. If the cuts are represented by the intersections of the S1 with the surfaces c1(i) = 0, such that fr'Vap= 0, then the generalization of Eq.( I 3) to include the gaps is
The cuts are illustrated in Fig.2 , and the electric field E is sketched in Fig.3 . Since the displacement current has been omitted from Eq.(7), the highly asymmetric character of the electric field does not affect the magnetic field. We can eliminate the electric field from the problem by integratine Eq.(l l) across annular surfaces Xg bounded by the conductor k and the wall (Fig.4) . There is also a surface ), cutting the vacuum region poloidally.
Stokes' theorem then reduces the left-hand side to a line integral over the contours f1 (Fig.4) . Using Eqs (12) and (14), we find the set ofequations
where L* is the mutual inductance between conductor k and conductor Q (or self-inductance if k= [). Note that the boundary condition (12) o f E q s ( 1 6 ) a n d ( 1 7 ) . E q u a t i o n s ( 1 5 ) -( 1 7 ) h a v e a very simple interpretation in terms of flux conservation: The flux is frozen-in between the conductors, the plasma, and the wall, except that flux can enter through the cuts, where it flows in or out at a rute equal to the voltage drop across the cut.
The inductance matrix L* can be represented [7] in terms of the magnetic intensity fields Y1 produced by unit currents in each conductor, that is
where dr is an element of volume, and YL is defined through the equations We commence with the expression Eq.( l8) giving Luo as the interaction energy between unit currents in conductors k and l. We assert that this energy is stationary against arbitrary variations 6Yp, which obey Eqs (20) and (22) (3) so that p, p, and E within P are holonomically constrained to vary with the plasma displacement field t(x,t) [6] . Then Eq.(4) follows from the plasma Lagrangian t o= fuu'(i when Hamilton's principle Eq. (25) is invoked for variations 6i vanishing on So.
To derive the circuit equations (15) - (17) from Hamilton's principle we need the electrical analogue of the position co-ordinate i. As suggested by Maxwell
[12], the appropriate generalized co-ordinate is the clrurge
nd the corresponding kinetic energy is
(27)
To prove {hat this is true we introduce a representatron tor Yg which satisfies the constraints, Eqs (20) and (22):
where Ktr is a fixed, curl-free field in V, obeying Eq.(22). For example, K1 c?n be the field of a fixed wire carrying unit current and entirely enclosed by the surface of conductor k. Equation (22) implies that Xp is an arbitrary single-valued function. It is now a simple matter to verify that requiring that Eq.(23) be satisfied for arbitrary 6X1 leads to Eqs (19) and (21) as required. Since Eqs (19) - (22) completely specify the inductance matrix, the variational principle provides a self-contained procedure for constructins this matrix.
HAMILTON'S PRINCIPLE
As the second step in the variational formulation, we seek a Lagrangian L such that Eqs(4), (5), (15) The test of this conjecture is to verify that the dynamical boundary condition Eq. (5] is recovered when we allow virtual displacements 6{ not vanishing on So. For Hamilton's principle to hold under such displacements, the natural boundary condition
n(rrrrr+ r)=-i?,r=r 6* -# 6.
( 32) must be satisfied. It can be shown (see Eq. (37)) that the variational derivative 6Lke/69 is given by
6 g K L where, here and henceforth, a perturbed quantity is indicated by an asterisk. Expanding the inductance matrix in powers of e 
The expansion was facilitated by first differentiating with respect to e and performing integrations by parts using exact Jacobian identities I I 3 ]. The second order term I-|' 1 is ttien obtained from a simple linearization, and we have tagged the quantities arising from this linearization with a dagger (t). This proves useful later for discussing self-adjointness. By extremizinC L(;i with respect to variations in the X1 we find the field equations and boundary conditions for these potentials. In fact, however, we need only the total scalar potential 
EXPANSION OF THE INDUCTANCE MATRIX AND LAGRANGIAN
Having established the fully non-linear forms of the variational principles, we now expand them in powers of a perturbation parameter e , running from 0 to 1, which is used to parameterize the displacements away from the equilibrium values of Xr , i , Q1 . and V1. That is,
tic field where ry' is any scalar field with a level surface coinciding
Equations (41) -(43) may be solved either by the Green's function method 12,3,91, or by the Galerkin method described in Section 7. The resultant 1is a functional of { on the surface of the plasma, and this will be assumed from now on.
Assuming the background state of the system to be stationary (7= 0) and in equilibrium
the term | *' in the expansion of the Lagrangian in powers of e vanishes. The second-order term is found by a similar linearization procedure to that used to find L(ff, and the same convention of tagging the linearized terms with a dagger (f ) has been used. On making use of Eqs (44) - (46), the result is found to be
where fi is the first-order Eulerian pressure change
and Q is the first-order Eulerian change in the magne-
Note that, using our expansion procedure, the last term of Eq. (47) where (fr, q') has been equated to (f, q) only after the variation. Equation (50) is obviously correct, being simply the linearized equation of motion. Also, Bernstein et al.Il] showed Eq.(51) to be the correct linearized dynamical boundary condition, and it can also be shown from E q s ( 8 ) , ( I 5 ) -( I 1 ) , ( 3 4 ) a n d ( 3 7 ) [ 7 ] t h a t E q . ( 5 2 ) i s correct. Thus, it is permissible either to vary 1ft, q]; and (f, eu) together or to vary (t, tu) independently. These two alternatives are compatible only if we also get the correct equations when we vary (ft, ql) independently. Thus, the derivation from a Lagrangian constitutes a proof of the self-adjointness of the operator linking (Ff, qt) and (d, q) I5l
To summarize the complete variational formulation of the linear eigenmode problem, we set forth the three variational problems which must be solved. 
VACUUM WITHOUT GREEN'S FUNCTIONS
An immediate benefit of the variational formulation of the vacuum is that it suggests a method for calculating 1 and the Yu's without encountering the singularity problems inherent in the Green's function method.
We take as a starting point Eqs (18), (23), (24), and (40). The choice of the current distribution to produce Kn is somewhat arbitrary, and should be made in such a way that the field Ku is approximately tangential to the surface of the conductor k. This can be done if necessary by a combination of several line currents. we can automatically satisfy Eq.( l9). The boundary conditions, Eq.(21), remain to be approximated variationally. A suitable choice for the uo would be toroidal harmonics with toroidal axes coinciding with the line currents used to produce the Ru's. The superscript 0 signifies that, in an axisymmetric system, only @-independent (n = 0) functions need be included in the set {uj}, where @ is the azimuthal angle.
Inserting the ansatz, Eq.(53),into Eq.( l8) and integrating by parts we find
Requiring that L* be stationary with respect to arbitrary variations in the coefficients X[ yields the equation where (A'lu is the inverse matrix of Al' If the sets {ul}, {uj}are complete. then we have formally exact constructions for Yn and 1. However, a complete set must needs be infinite, so for practical purposes the Galerkin procedure of using finite sets of functions must be used. Since the uj are regular on all surfaces 51, no singular integrals need be evaluated. Numerical experience I I 5] has shown that this procedure gives a practical method for constructing accurate approximations for the Y1 and 1 in axisymmetric systems, with the R1 being formed from a suitable superposition of line current fields and the uo being toroidal harmonics corresponding to suitable sets of toroidal co-ordinate systems with limiting points (minor axes) located outside V a finite distance from all surfaces 51.
PASSIVE FEEDBACK
Until now we have not specified the vu's. In general, these are determined in part "actively," through circuits external to the coil-plasma system, and in part "passively," from the constraints imposed by Kirchhoffs laws applied to the interconnected coils (see Appendix). For simplicity, we consider the case where all vu's are determined passively. As v, cannot, in general, be determined without treating the region external to the wall, we consider the case of no poloidal gap, v"= 0. It is convenient to introduce a vector notation in which, for example, the N + 2 dimensional column vector whose elements are the vuis represented by i.
Then the constraint equations can be written 
where j= {, and e, and du are matrices with (say) K t549 DEWAR and L non-ngll rowl respectively (K+ L= N+ 2). The elements of e, and du e*press the constraints imposed by Kirchhoffs laws, which can be written in such a way that the non-null rows of e, and eu form an orthonormal set of vectors spanning the (N + 2)-dimensional vector space V**, Qee Appendix). With this choice of elements, e, and eu are projection. operators onto mutually orthogonal subspaces Vf*, and Vi*,. That is, 
CONCLUSION
The guiding motivation for the foregoing work has been the search for a completely variational formulation of free-boundary ideal hydromagnetics. We have been led to two distinct principles: the stationarity of the inductance matrix, and Hamilton's principle, and have been led to treat the currents as generalized velocities.
The algorithm for calculating the Y1 and 1 suggested in Section 7 has been implemented successfully [15] , and a comparison with two Green's function approaches will be presented elsewhere. Note that the vacuum energy must be computed more accurately than the 2 6 w v = f a t p v l t ' v y ' -+ -+ --t -+ r-) The inclusion of passive stabilization (Section 8) into the Princeton Equilibrium and Stability Code (PEST) has also been carried out [ 5] , and will provide a more efficient means of studying the axisymmetric stability of tokamaks than simulating the temporal evolution [ 10] .
Various other applications of the formalism come to mind, such as the extension of the energy principle for levitated superconducting current loops [8] to the case of loops of finite size. 
Appendix KIRCHHOFF'S LAWS
Although, in principle, an n-turn coil can be regarded as n independent conductors, practical reasons dictate that we treat a multi-turn coil as a single entity. Thus, we first discuss this as a separate case, then set up the Kirchhoff laws for interconnected multiturn coils.
Our idealized n-turn coil has infinite conductivity everywhere except in the infinitely thin insulating regions separating the turns. Outside the enveloping surface of the coil, the V1's of each turn are identical. Thus, the f1[Eq. (67)] are identical. Furthermore, the self-and mutual inductances of and between the turns are all equal to the self-inductance of a singleturn coil with the same enveloping surface as the n-turn coil. This is because the only portion of V internal to the enveloping surface is of zero measure. I f , s a y , t h e t u r n s a r e l a b e l l e d k = 1 , 2 , 3 . . . n , w e c a n regard Kirchhoff's laws as holonomic constraints and eliminate eu and vu in terms of a single pair of variables q and v, such that
where the factors of l/n and n on the right-hand sides of Eqs (Al ) and (A2) are inserted in order that the l,agrangian for the n-turn coil, Eq.(47), be identical with that for a single-turn coil carrying current q and having an emf. v. Thus, Eq. (63) is the same as that for a single-turn coil. The number of turns does enter, however, when we allow the multi-turn coil to be connected to other multi-turn coils, but only through the constraint equations now to be described. Thus, the development in Section 8 remains valid for multiturn coils. For concreteness, we consider a simple circuit which exhibits the features of more complicated ones. In Fig.5 , we show a coil with n1 turns connected in parallel with a coil of n2 turns and connected to a constant-current power supply (effectively on open circuit to a.c. perturbations). We also assume the toroidal field power supply to be constant-current. 
Inversion of the projected matrix is trivial. One of the most dangerous perturbations is a vertical, rigid-body displacement of the plasmallll. Clearly, d,, dr, d3, ?nd da form an orthonormal set, so the requirements of Eq.(62) are satisfied. Even in*more complex cases one always finds that e, and eu can be found such that Eqs (60) - (62) are satisfied. If we assume coils 1 and 2tobe symmetrically disposed about the midplane of the plasma (assumed to be symmetric at equilibrium), then L1-=L22(=L, say). Writine Ln=Lzr:M, Lra: Lo, we frnd the matrix elements of L in the subspace Vo to be given by Magneto-hydrodynamic Stability of Small Aspect Ratio Tokamaks, Ph.D. Thesis, Ecole Polytechnique F6d6rale de L a u s a n n e , I 9 7 7 .
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